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In this paper we consider the nonlinear evolution problem 
21, = dq(z4) in QxR+ 
ah4 
-= --p(P(U)) iln 
on &2x R+ (P) 
u(x, 0) = UJX) in Q, 
where Q is a bounded domain in RN (N> 1) with smooth boundary 
r = 22, n denotes the outward normal at x E 852. The function (D is smooth 
such that q(O) = 0, q’(s) > 0 for s > 0 and q’(O) = 0. a(s) is a nonnegative 
Lipschitz continuous function on R’ with p(O) = 0 and b(s) > 0 for s > 0, 
14~ EL”(Q) is a nonnegative function (for precise assumptions, we refer to 
Section 1). 
Problem (P) arises in the study of thermal evaporation of atoms and 
molecules from locally heated surface regions (spikes) invoked as one 
of several mechanisms of ion-bombardment-induced particle emission 
(sputtering). Let Q denote the locally heated region and let u be the 
temperature. Then in the case of particle-induced evaporation, the Stefan- 
Boltzmann law of heat loss by radiation is replaced by some activation law 
describing the loss of heat by evaporation. In Sigmund and Claussen [lb] 
and Sigmund and Symonske [17] the following model, when the spike is 







24(x, 0) = 740(x) in Qk. 
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Note in this example that the function /?( .) in (P) is Lipschitz but non- 
monotone. 
The equation in (P) is the so-called degenerate diffusion problem, which 
has been studied extensively in recent years. See Aronson [2] and Peletier 
[15] for references. However, when dealing with the nonlinear flux 
boundary condition, /?( .) is usually assumed to be monotone; see, e.g., 
Brezis and Strauss [9] and Benilan, Crandall, and Sacks [7]. In the case 
of uniformly parabolic equations, the related problems have been studied 
by, e.g., Alikakos [l], Aronson and Peletier [4], and Ball and Peletier 
[S, 61. The purpose of this paper is to provide a general theory for 
problem (P) under a different assumption on /I(. ), i.e., Lipschitz continuity 
instead of monotonicity. The main idea of the proof used here is to choose 
an appropriate test function from the corresponding linearized dual 
space of the solution. Similar ideas have been used by many authors, 
e.g., Aronson, Crandall, and Peletier [S], Bertsch and Hilhorst [S], and 
Friedman [12]. We shall follow the proof of Bertsch and Hilhorst [S]. 
The paper is organized as follows. We begin by stating the precise 
assumptions on the functions involved in (P) and by defining a weak 
solution. Then, in Section 2 we prove the existence of the solution by the 
method of parabolic regularization. Uniqueness is proved in Section 3. 
Finally, we study the large time behaviour of the solution in Section 4. 
1. PRELIMINARIES 
We begin with the following hypotheses on rp, /J, uo. 
Hl: ~EC~(R+)~C'(R~),~~(O)=~'(O)=O,~'(~)>O fors>O. 
H2: ~EC’,~(R+), /?(O)=O, and p(s)>0 for s>O. 
H3: USE L”(Q), u,>O a.e. in a. 
DEFINITION 1.1. A function u: [O. a) -+ L’(Q) is a weak solution of (P) 
if it satisfies 
(i) u E C([O, T); L’(Q)) n L"O(Q,) for any T > 0 and QT = 
Q x (0, 0; 
(ii) (P(U)E V,(Q,) for any T>O, where V2(Q,) is the Banach space 
equipped with norm (~1 $,(orj = 
(iii) Jn u(T) $(T) = J 
ess sup, c I < T Sp u’(t) + Jjer (grad u)*; 
R uoW) + jr.fn, iMt - grad v,(u) . grad $1 
-jtjTP(~(~))$ for any +EC’(Q,) and T>O. 
It is well known that any function in V,(Q,) admits a trace in L2(S,), 
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where S, = dQ x (0, T]; see, e.g., Ladyzenskaja et al. [14, p. 781. Therefore 
the integrals in (iii) are well defined. 
A weak subsolution (supersolution, resp.) of (P) is defined to be a 
function U: [0, co) -+ L’(Q) which satisfies (i), (ii), and (iii) with equality 
replaced by < ( >, , resp.). 
2. EXISTENCE 
Consider the approximating problem (P,) 
acp, (u) -= -P,bE(4j an on dQ x (0, T) 
u(x, 0) = U&(X) in 0, 
where (P~ECY(R+), cp,(O)=O, cp:(s)3C(s)>O for any s>O, cp, and cp: 
converge uniformly to cp and rp’, respectively, on compact subsets of R+ as 
& -+ 0; 
where /?,E:Cm(R+)nCo~‘(~+), p&(0)=0, b,(s)>0 for all ~20, ,fI, 
converges uniformly to fl on R+, and Ip:l < C for some C B 0. 
and where uoE  C”(Q), 0 d uoE d I/uoll L*(RJ and uoE satisfies the com- 
patibility condition 
; cp,(UOE) = -PA(PAUoA) on %2 
and 
The construction of (Pi and 8, is standard and it is omitted here. For the 
construction of uOE, we refer to [S]. 
Then, for each E > 0, the classical theory of parabolic equations asserts 
that there exists a unique solution ~1, E C2’l(QT) of problem (P,). Next 
we derive some a-priori estimates on u,. We begin with the following 
comparison principle. 
LEMMA 2.1. Let u and v E C2”(&) be the two solutions of problem (P,) 
corresponding to the initial functions u. and vO, respectively. Then u(t) < v(t) 
ifuodt)o. 
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ProoJ Let z = u - ~7. Then z satisfies 
z, = d(a,z) in QT 
a(v) dn+h,z=O on af2 x (0, T) 
2(x, 0) = zg(x) = z+)(x) - UC)(X) in Q, 
where 
a,= s l CQ:(8u,+(1-e)?JE)de 0 
b, = j1 P:(he(u,) + (I- 0) cp,(u,)) de. 0 
The result of the lemma follows from the comparison principle for the 
linear problem. i 
LEMMA 2.2. Let U,E C”,‘(&) be a solution of (P,). Then, 0~ u, < 
lI~oIIL~ in QT. 
ProoJ: Since 0 is a solution of (P,), therefore u, B 0 by Lemma 2.1. 
By the strong maximum principle, u, cannot have a positive maximum 
on dQ x (0, T), because otherwise a~pE(u,)/an >O at this point. But 
acp,wan = -kh,w d 0, which is a contradiction. Therefore the 
maximum of u, must be achieved on t = 0, i.e., 
LEMMA 2.3. The unique solution u, of problem (P,) is such that 
u, E C2’ol(&) for each GI E (0, 1). 
ProoJ: See Theorem 7.4 of [ 14, LSU]. i 
LEMMA 2.4. Let 0 < 5 < t Q T. Then there exists a constant C(T) > 0, 
independent of E, such that 
’ s.i (grad (P,(u,))* ,< C(T). T R 
ProoJ: We multiply the equation by cp,(u,) and integrate by parts, with 
@&) = 1: v,(r) dr. 
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We obtain 
Therefore, by the boundedness of ~4~, 
’ s.i (grad CP,(U,))~ G CC T)- IT R
We shall use the following compactness result, which is due to 
DiBenedetto [ 111. 
LEMMA 2.5. For every T > 0 there exists irl,( . ): R + -+ iR+, cd, (0) = 0, 
continuous and non-decreasing such that 
t/(X,, ti) E D X [T* T], i= 1, 2. 
In addition, if z+,(x) is continuous in D, then ix, t) -+ u,(x, t) is continuous 
with modulus of continuity oO( .) for problem (P,). 
Now we use the compactness result to prove the existence theorem for 
problem (Pj. 
THEOREM 2.6. There exists a weak solution u of problem (P). 
Prooj From the above estimates and the compactness result, we 
conclude that there exists a u E La(&) n C(B x (0, T)) and a subsequence 
of (u,}, which again is denoted by uE, such that 
0) u, -+ u uniformly on all sets of the form 0 x [t, T] with r > 0 
(by Lemma 2.5); 
(ii) u, --) 24 strongly in I,‘(&) and in L2(S,j (this follows from (ij 
and uniform boundedness of u, in L”(Q)); 
(iii) cp,(u,) + q(u) weakly in L2(0, T; H’(Q)) (this is a consequence 
of Lemma 2.4; one identifies the limit to be q(u) by the fact that 
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cp,(u,) + q(u) strongly in L*(Q T) and the dominated convergence 
theorem); 
(iv) JJE(qPE(uE)) + p(cp(u)) strongly in L*(S,), where S,= 8R x (0, T]. 
One easily checks that u E C((0, T); L’(Q)) and u satisfies (ii) and the 
integral identity (iii) in the definition of weak solution since U, satisfies a 
similar identity. It remains to show that Ilu(t L~iszJ is continuous at zero. 
For this we consider a smooth approximation v0 of u,; i.e., for any 6 > 0, 
choose v,, smooth to be such that /Iv,, - u,Jl <J/3. Let v be a solution of 
problem (P) with initial function v0 obtained as a limit of the solution of 
problem (PA. Then I14~)llL~(Q, is continuous at zero. (This is a consequence 
of the second part of Lemma 2.5.) Therefore, there exists a t, > 0 such that 
for all t d t,, 
Ilu(t) - U0IlL~(R) 6 lb(t) - WI LW) 
+ IIu(t) - kll Ll(Q) + lb0 - %ll L’(Q) 
d Ilu(t)-v(t)ll.l,,,+~. 
For the estimation of II u( t) - v(t) 11 L+gJ, we have the following Li-contrac- 
tion results: 
LEMMA 2.7. Vt>O, 
Il4f) - 4t)ll Ll(Q) 9 II4 - Gil L+2). (2.1) 
Applying Lemma 2.7, we conclude that t/6 > 0, 3t, > 0 such that for all 
t< I, 
Therefore u(l) E C( [0, 2”); L’(G)). This concludes the proof of Theorem 2.6. 
Proqf of Lemma 2.7. Let u,, v, be the solutions of the approximating 
problem (P,) corresponding to the smooth initial data uoE and voE such that 
Ilh - %llr~@?, + 0 and II hk - %Il L’(sz, + 0 as E +o. 
Then, both U, and U, satisfy the integral identity (iii) in the definition of 
weak solution. Integrating by parts and subtracting on both sides, we 
obtain, for T > 0, 
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where 
B3qoebA) if U, = ti,. 
Both a(~,, v,) and b(u,, u,) are smooth, and a(~,, u,)a C(E) and 
Ib(u,, u,)l <C(E) for some positive constants C(E), C(E). 
Let $ be the smooth solution of the problem 
$t+a(u,, u,)drl/=O in !2 x (0, T) 
w ,+b( u,, v,) ti = 0 on 132 x (0, T) 
rcl(x7 T)= x(x) in 52, 
where x E Cz(Q) is such that 0 <x < 1. 
Then $(x, t) E C*.‘(&), +(x, t) 2 0, and 
where (.)‘=max(-,O). 
505.99il.4 
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Let j be 
if u,(J, T) > t’,(x, T) 
otherwise 
and choose x = xn + j in L2(.Q) as y1-+ ocj. Then, letting y1-+ CCI in (2.2), we 
obtain 
jQ (h--u,)+ (T)d jQ (UoE-uOB)+. 
Identically we can prove that 
jQ (u,-zII,)+ tT < jQ~UOE-UOe)+. 
Therefore, 
llu,(T)-o,(T)II.I~,,~ II~o~-t’0eIIL’w2) 
and (2.1) is obtained by letting E + 0. 
3. UNIQUENESS 
To show uniqueness we use an idea due to Kalashinikov [13] (see also 
Bertsch and Hilhorst [S]) to compare an arbitrary generalized solution of 
problem (P) with a solution obtained as the limit of a sequence of classical 
solutions of the approximating problem (P,). Following Bertsch and 
Hilhorst [S], we approximate solutions in two steps. First, by 
t cp(24) + fi(fpp(u)) = t e? on ~%2 X (0, T) 
u(x, 0) = q)(x) +i 
(Pn) 
which in turn is approximated by 
24, = d@(u) in QT 
on fX2 x (0, T) WE”) 
in 8, 
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where Q(s) is smooth and is defined as 
cp(S) if s<Z; 
4(s) = smooth if C<s<C+l 
so@+ 1) if sac+1 
with ?= cp-‘(3q(211u,llLx)) from Lemma 3.1 below; where BE is smooth, 
lip:. @‘II Lu d A for some constant A > 0 and converges to p uniformly on 
R+ as E + 0; and where uoE is such that 
l4OEE CX(Q), II L(OE - uoll rqn) -+ 0 as s--r0 
and ~4~~ satisfies the compatibility condition 
where 1 is determined from Lemma 3.1 below. 





for any (x, t)EQT, 
where the constant c does not depend on n and t. 
Proof. Let L(U) = 14, -d@(u) and choose h(x, t) = (l/n) e-“‘. Then 
L(h)= -fe-“‘<O=L(u,) 
in Q x (0, T) 
d@(h) as4 ~+P~(~(h))=B~(~(h))$~e-~‘=- & + PE(G5(Z4tlE)) 
on dO x (0, T) 
h(x, 0)=$4, in ai2. 
By the comparison principle 
1 
u,,(x, t) S - eC”’ for ail 
n 
(x, t) E QT. 
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In order to find an upper bound we introduce the function W(X, t) = 
(l/(3 - e-“r(x))) $(u,,), where C(X) E C’(Q) n C’(a) such that 
1 <r(x)<& ay >6 -an j-’ for some 6 > 0. 
Then w(x, t) satisfies, for (x, t) E QT, 
w, = e’(u) Aw - yJgradul”w- 
2e--lref2 grad u,, grad 5 
(3 - e-“‘tg2 
(3.1) 
At the maximum point (x,, f,,) E Sz x (0, T) of w2, we have 
M’W, 2 0, w grad w = 0 
@‘w Aw 6 0. 
Substituting into Eq. (3.1), we obtain 
e 
--‘We (L~+@‘A~)>O, 
- 3 - [e-l’ 
i.e., 
Since { 2 1 and At is bounded, this is impossible if we choose 1 large 
enough. Therefore, w2 cannot have maximum in Sz x (0, T). On the lateral 
boundary point where the maximum of bv2 occurs, we have 
i.e., 
aw 
1~’ - 2 0, 
an 
( 




3-e-“t5 ’ ’ 
i.e., 
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By the choice of 4, 
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Therefore, for (x, t) E QT 
Iw(x, t)l dmax 
Consequently 
i.e., 
G Il~(kkN L” (if n is large enough). 
IQ(4&, t))l G (3 -e-%x)) II@(~dlILm 
~3Il~~~,,~ll.~~~~~~/l~0llr;~~, 
I&&, t)l d 2;. I 
Now by the method of Section 2, one can obtain further a-priori estimates 
on u,, of problem (P,,) to show that there exists a subsequence of {uHa> 
which converges to the solution U, of (P,) and then that a subsequence of 
l.4 which is denoted by u,, converges to the solution of probfem (P) as 
n”: co. We will use this approximation to prove the following uniqueness 
theorem: 
THEOREM 3.2. Let z4 be a solution of (P) obtained as the limit of the 
solution u, of (P,) and let _u be any subsolution of (P). Then 
J”pu)+ Cr,<JQ (uo--Id+ vt>o. (3.2 j
Sinzilarfy for any supersolution U 
.r, (u-u)+(I)d!*, u,--ii )+ vt>o. (3.3) 
Proof. Let 11,~ -+ u be an approximating sequence as above. Then for 
any $ E C’,‘(Q,) 
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Subtracting on both sides yields 
where 
A =d?!wPcp(~,) 
II a&(n)>0 _u--u, 
and 
B = B(cpk!)) - B(cp(%z)) 
,I cp(_u) - dU”) ’ 
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which is bounded by a positive constant L independent of n. Now define 
two smooth sequences A,,, and Bnk such that 
A, 2 c(n) > 0 and IIAn, - AA rqa) -+ 0 as j+x 
and 
I& G L and II Bn, - B,, II ~qr) --f 0 as k-t ‘x’. 
Let @m/k be the solution of the problem 
$r+A,,Arlr=O in QT 
a* 
~+W=O on Tx(0, T) 
4% T) = x(.x) in Sz, 
where X(X)E C;(Q) is such that O<x(x) < 1. Then $n,k satisfies the 
following estimates. 
LEMMA 3.3. (i) O<$,(x, t)< C(T) for (x, t)eG? x (0, T) and C k 
independent of n, j, k. 
(ii) Jlar (4mlk)2 d Ch k. T). 
Assuming Lemma 3.3, we obtain 
’ -f f (B, - Bn,k) ti,z,d_u - u,) 0 I- 
-I‘ A - 
ff - epA’tjllik. 0 rn 
If, first, we let j + co, using (ii) of Lemma 3.3, then let k -+ CD, and then let 
n -+ a, we arritle at 
s, (u-u)mXqQ (_u,--40,)‘. 
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As in the proof of Lemma 2.7, we conclude that 
The proof of (3.3) is similar. 
Proof of Lemma 3.3. (i) $,,jk2 0 is a consequence of the maximum 
principle. For the upper boun, as in the proof of Lemma 3.1 let 
w(x, t)=e- M(T-f’5(~) $(x, t). Then w(x, t) satisfies 
w = 0. 
Choose l(x) = 1 + ah(x), where 
Ah(x)= -1 in Q, 
h(x) = 0 in af2 
and a is large enough such that [ - (a~/&)/~] Ir2 L. (This is possible since 
c - (Wx)/~n)ll r 2 6 > 0). Next we choose 
&f~An,+za,‘gr$51’ 
X 
Then, as we concluded similarly in the proof of Lemma 3.1, we conclude 
that the maximum of w2 can be attained only at t = T, i.e., 
Iw(x, t)l G sup 15(x) x(x)1 < c, R 
i.e., 
W, t) d C(T). 
For the proof of (ii), multiplying the equation by AI/ and integrating by 
parts we obtain 
55 
from which we conclude that 
[’ j ‘f 62 A,(@J2 + jQ (grad t4t)J2 < Ch k 0. 
Part (ii) fohows from A,>&(n). 1 
4. LARGE TIME BEHAVIOR 
We define the o-limit set 
MI= (qEL’(L2): there exists a sequence fn + cc such that 
u(tn) -+ q in L’(G) as t,, + co }. 
Then by Lemma 2.5 and the uniform boundness in C(Q): the set (u(t; trO): 
t > 1 ] is precompact in C(G) and therefore w is nonempty and IV E C(Q). 
CLAIM. w= (0). 
Therefore we have the following result by Proposition 2.1 of Dafermos 
L-101. 
TJSEOREM 4.1. Under the hypotheses Hl-H3 the solution of problem (P) 
satisfies u( t; uO) -+ 0 in C(d). 
Proof of the claim. Let E= {qE C(a): q>O and u(t; q)=q for tat)). 
Then for any q E E, we have 
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(4.1) 
for any *E C”.‘(Q). 
Now set $= 1, and (4.1) becomes 
(4.2) 
i.e., 
41 I-x (0.I) = 0. 
Substituting this into (4.1), we obtain 
i.e., 
SI : $P(d@=O for any *E C’,‘(Q). 
Therefore q=O and E= (0). 
Next we define the functional V: L’(Q) + [0, oo), 
Since zero is a solution of problem (P) it follows from Theorem 3.2 that 
Uf4td) G Vdt,)) for any t, 2 t, 3 0. 
Therefore V is a Lyapunov functional for problem (P) and V is continuous 
since u E C( [0, co); L’(0)). An application of Proposition 2.2 from 
Dafermos [lo], that V is constant on W, i.e., for any q E w 




If we choose $ = 1 in (4.1), using (4.3), then 
from which we conclude, as above, that 
Thus w = E= (0). 
q=o in Rx (0,1’). 
The proof of the claim is completed and thus Theorem 4.1 is proved. 
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